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Let S be a trigonal Riemann surface of genus g ( >4) and of the nth kind. It is known that 
there are two types of total (resp. ordinary) ramification points of the trigonal covering. At 
first, we give a criterion for deciding the kinds and types of ramification points in terms of a 
defining equation of a Riemann surface. Next, we show the existence of various types of 
ramification points. Thirdly, we give some estimates on the numbers of ramification points 
which include the assertion that there always exists an ordinary ramification point of type I 
unless S is cyclic trigonal. 
1. Introduction 
Recently, Coppens [2,3] has studied Weierstrass gap sequences at the ramifica- 
tion points of trigonal Riemann surfaces. 
Let S be a trigonal Riemann surface of genus g and let x : S- P’ be a trigonal 
covering. Following Coppens [2] we say that S is of the nth kind if I(nD) = IZ + 1 
and I((n + 1)D) 2 n + 3, where D = (x)= is the polar divisor of X, Z(nD) (resp. 
I((n + 1)D)) is the affine dimension of the space of meromorphic functions on S 
whose divisors are multiples of nD (resp. (n + 1)D) and y1 satisfies (g - 1) /3 5 
n 5 g/2. By definition, a point P on S is a total (resp. an ordinary) ramification 
point if the ramification index of x at P is equal to three (resp. two). In other 
words, P is a total ramification point if and only if 3P is equivalent to D and P is 
an ordinary ramification point if and only if 2P + Q is equivalent to D for some 
Q f P. We say that P is a total ramification point of type I (resp. type II) if the 
gap sequence at P is equal to 
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(1,2,4,5 ,..., 3n-2,3n-l,3n+1,3n+4 ,..., 3(g-n-1)+1), 
(resp. 
(1,2,4,5, . . . , 3n-2,3~-1,3n+2,3n+5,...,3(g-n-1)+2)). 
It is known that every total ramification point is of type I or type II [2,4]. 
Let t, (resp. t2) be the number of total ramification points of type I (resp. type 
II) on S. Then, Coppens [2] proved that t, and t, satisfy t, + 2t, I 2n + 2 and 
t, + t, 5 g + 1 unless S is cyclic trigonal. Conversely, he also proved that for a 
couple of numbers u and Q- which satisfy (T + 27 522n + 2, u + 7 5g + 1 and 
T 5 3n - g + 1, there exists a non-cyclic trigonal Riemann surface on which t, = (T 
and t, = T. It is also known (cf. Lemma 2.2) that if o + 27 = 3n + 3 and (T + r = 
g + 2, then there exists a cyclic trigonal Riemann surface on which t, = CT and 
t, = 7. 
We say that P is an ordinary ramification point of type I (resp. type II) if the 
gap sequence at P is equal to 
(I, 2,3, . . . 1 2n-l,2n,2n+1,2n+3 )...) 2g-2n-l), 
(resp. 
(I, 2,3, . . . > 2n-l,2n,2n+2,2n+4 ,..., 2g-2n)). 
Remark. (i) In case g = 3n + 1, it is meaningless to define a total ramification 
point of type II, because it cannot be a Weierstrass gap sequence. As a matter of 
fact (cf. (24)), in this case, there is neither a total nor an ordinary ramification 
point of type II. 
(ii) In case g = 2n, both in the total and the ordinary cases, there is no 
difference between type I and type II. 
Coppens [3] has shown that every ordinary ramification point is of type I or 
type II and that there exist ordinary ramification points of each type. Let t, (resp. 
t4) be the number of ordinary ramification points of type I (resp. type II) on S. 
Then, he has proven implicitly that t, + t, 5 3n - g + 1. 
In the present paper, at first, we shall give a criterion for deciding the kinds and 
types of ramification points in terms of a defining equation of a trigonal Riemann 
surface. Secondly, we shall show an example of a trigonal Riemann surface which 
has various types of ramification points. This example gives an alternative proof 
for Coppens’ result on the existence of ordinary ramification points. Thirdly, we 
shall give some estimates on t, (i = 1, . . . ,4) which include the assertion that t, is 
positive unless S is cyclic trigonal. 
2. Algebraic equations for trigonal surfaces 
In this section we shall give an algebraic equation which defines a trigonal 
Riemann surface. 
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Again, assume X: S* P’ is a trigonal covering such that D = (x)= consists of 
three distinct points P, , P2 and P3. Assume y is a meromorphic function on S such 
that ( y),. = (n + 1)D but y is not a polynomial in x, i.e. ( Y)~ is not a sum of n + 1 
divisors of the linear series g:. Such a y does surely exist by the definition. 
Lemma 2.1. S is defined by an algebraic equation 
y3 + A(x)y’ + B(x)y + C(x) = 0, 
where A, B and C are polynomials in x and deg A 5 n + 1, deg B 5 2n + 2 and 
deg C = 3n + 3. 
Proof. In a neighborhood of x = 00 we may choose three branches of y. Let y,, y, 
and y, be these three branches. Then, A = -(y, + y, + y3), B = y,y, + y,y, + 
y,y, and C = -y,y,y, are rational functions in x. Furthermore, these satisfy 
y’ + A(x)y* + B(x)y + C(x) = 0. 
Since ( y)= = (n + l)D, each of A, B and C does not have a pole at a finite value 
of x. Hence, these are polynomials. 
Taking a local parameter t, at P, (i = 1,2,3) so that x(t,) = 1 iti, we have 
yi = y(t,) = ar.-(n+,jlt~+* + . . . 
n+l 
ar.-(n+l)X + 
. . . 
in a neighborhood of Pi (i = 1,2,3). Hence, we have 
A(x) = -(y, + y2 + yj> = - i ai,_(n+r)Xn*l + . * ., 
B(x) = Y,Y, + Y,Y, + Y,Y, 
and 
C(x) = -y,y2y3 = - 
Thus, we have the desired result. 0 
Lemma 2.1’. Without loss of generality we may assume S is defined by an algebraic 
equation 
y3 + A(x)y + B(x) = 0, 
where deg A = 2n + 2, deg B = 3n + 3 and deg(4A3 + 27B’) = 6n + 6. 
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Proof. By Lemma 2.1, S is defined by 
Y3 + A,(X)Y2 + B,(X)Y + C,(X) = 0, 
where deg A, 5 n + 1, deg B, 5 2n + 2 and deg C, = 3n + 3. Taking the biration- 
al transformation (x, y) = (X, Y + A,(X)/3), we have the Riemann surface S’ 
defined by 
y3 + A(x)y + B(x) = 0, 
where A = B, - A:/3 and B = 2A:l27 - A,B,/3 + Ct. We have deg A 5 2n + 2, 
deg B i 3n + 3 and deg(4A3 + 27B’) 5 6n + 6. 
Assume that at least one of the following holds: deg A < 2n + 2, deg B < 
3n + 3 and deg(4A3 + 27B’) < 6n + 6. Let (Y be a complex number such that 
A(o) # 0, B(o) # 0 and 4A((y)3 + 27B(a)* # 0. Take the birational transforma- 
tion (5,~) = (1 l(x - a), y/(x - a)n+l). Then S’ is conformally equivalent to the 
Riemann surface defined by 
q3 + A’(5h + B’(5) =O, 
where A’( <) = [2”+zA((1 /[) + (.y) and B’( 5) = <““f3B((1/<) + CZ). Hence, 
degA’=2n+2, degB’=3n+3 and deg(4Ar3+27B”)=6n+6. 0 
By definition, a trigonal Riemann surface S is cyclic if there is a conformal 
automorphism 4 of S such that the order of 4 is three and S/ ($) is the sphere, 
where (4) is a cyclic group generated by 4. Concerning cyclic trigonal Riemann 
surfaces, the following fact is known: 
Lemma 2.2 (Coppens [2], Kato [4]). F or a trigonal Riemann surface S of genus g 
(25) and of the nth kind, the following three conditions are equivalent: 
(i) S is cyclic; 
(ii) All of th a fi t e r mt ca ion points are total, 2g - 3n + 1 of them are of type I 
and the other 3n - g + 1 points are of type II; 
(iii) In the equation in Lemma 2.1’, A(x) is identically zero and B(x) has 
2g - 3n + 1 simple zeros and 3n - g + 1 double zeros. 0 
In the rest of the paper we assume that A(x) is not identically zero. Of course, 
B(x) should not be identically zero. 
Let p and v be the orders of zeros of A(x) and B(x) at x = 0, respectively, i.e. 
A(x) = PAX(x), B(x) = x”B,(x) and A,(O)B,(O) #O. 
Assume F 2 2 and u 2 3. Putting Y = ylx, we have 
Y3 + xtiL-*A1(x)Y + xV-3B,(~) = 0. 
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Hence, Y is a meromorphic function on S whose polar divisor is nD. Therefore, 
Y = y/x is a polynomial in x of degree II. This is absurd. 
Thus, in the sequel we shall consider the following six cases: 
(I) jJzv=l, 
(II) /.L 2 V = 2 ) 
(III) j_l > V = 0 ) 
(IV) CL= u=o, 
(V) v>/J=o, 
(VI) v>E”=l. 
To study these six cases we shall recall 
equation of degree three. For simplicity’s 
the Cardano formula for an algebraic 
sake we assume S is defined by 
y3 + x’“A(x)y + x”B(x) = 0, (1) 
where I_L + deg A = 2n + 2, u + deg B = 3n + 3 and A(O)B(O) f 0. 
Let u and u be multi-valued meromorphic functions on S which 
u3 = (-x”B(x) + m)/2, 
and 
u3 = (-x”B(x) - m) /2 
where 
uu = -x’“A(x)/3 , 
C(X) = x*“B(x)* + (4/27)x”A(~)~ 
satisfy 
(2) 
(3) 
(4) 
(5) 
Then the Cardano formula asserts that three branches of y are u + u, ou + w-u 
and W*LL + wu, where w = (-1 + a)12. 
To study the types of ramification points of the trigonal Riemann surface of 
genus g and of the nth kind, we only have to study the surface defined by the 
following equation: 
Here, 
and 
q(x) = ii (x - a;)*,+’ , 
i=l 
wdp4, 
am = ~~~ (x - ‘i)llr+* ) P>(X) = fi (x - bJ2 ) 
i=l 
Qd(X) = ii (X - di) , q(x) = fi (x - dy+* ) 
t=, 1=1 
where ai (i = 1, . . . , f, ), bj (i = 1, . . . , t2) and di (i = 1, . . . , t4) are mutually 
distinct complex numbers, hi (i = 1, . . . , tl), p, (i = 1, . , t2) and vi (i = 
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1 * . 7 t4) are non-negative integers, Q5 and q5 are polynomials of degree p and 
~1 respectively, and finally, c?+ (resp. F5) has no common zero with q (resp. Qi) 
(i = 1, 2, 4, 5). 
Then 
c(x) = ~(Q~,(x)@~(x)@&)@&))~ + 27(lk;(~)%((~)q(x)%(x# 
= ~~(~)2~(~)2~~(~)3c1(~) : 
where 
C,(x) = 4 ii (x - ai)3h’+’ l!j (X - b,)3/“l+*@& 
i=l 
Put 
+ 27 n (x - di)2”i+1!&(~)2 . 
i=l 
c,(X) = K fi (X - Ci)21”+1 $ (X - ei)2’ : 
i=l 
where ci (i = 1, . . . , t3) and ei (i = 1, . . . , ts) are mutually distinct complex 
numbers, ni (i = 1, . . , t3) and ri (i = 1, . . . , ts) are non-negative integers and K 
is a non-zero complex number. 
By Lemma 2.1’, we have 
and 
t,+2t2+t,+h+p+p=2n+2, 
t, + 2t, + 2t, + v + (T = 3n + 3 
2t1+4t,+t,+3t,+211+2T=6n+6, 
(7) 
(8) 
(9) 
where h=C hi, p=c pi, Y= C vi, Iz= c ri and T= c 7,. 
3. Ramification points 
Here and in the following sections we shall determine the ramification points of 
the trigonal Riemann surface defined by (6). In equation (6), ai’s correspond to 
case (I), hi’s to case (II), zeros of Q5 to case (III), ci’s and e,‘s to case (IV), zeros 
of T5 to case (V) and d,‘s correspond to case (VI). Without loss of generality, it is 
sufficient to consider the behavior at x = 0. So, in the following lemmas we shall 
consider equation (1) rather than (6). 
Lemma 3.1. Case (I) or case (II) holds if and only if x = 0 corresponds to a total 
ramification point. 
Weierstrass gap sequences 277 
Proof. In both cases, since CL 2 v, we have 
m= B(O)x”+.... 
Hence, by (3) 
u = _B(())1’3x”‘3 + . . . . 
Using (4) we have 
Thus, 
u = (A(0)/(3B(0)“3))x’-“‘3 + . . . . 
y = u + u = -B(0)“3X”‘3 + . . . . 
Since v = 1 or 2, the point over x = 0 is a total ramification point. 
Conversely, assume that P is a total ramification point and x(P) = 0. 
Let t be a local parameter at P so that x = t3. Let U be a neighborhood of P. 
Then three branches of y, say y,, y2 and y3 may be represented as yi = 
CY, + pit + . . . at U - {P} (i = 1,2,3). Since P is a total ramification point, 
y,+yZ+y3=0 and (Y~=(Y~=cx~, we have (Y, = LY* = a3 = 0. Hence, p > 0 and 
v > 0. 
Choose a branch of y near P as y = &t + &t2 + . . . . Then, p, # 0 or & f 0. 
Assume the contrary, i.e. p, = p2 = 0. Then y/x is a meromorphic function whose 
polar divisor is nD and y/x is a polynomial of degree II in x. This is absurd. 
Assume p, #O. Then we have y3 = p:t’ + . . -, x’“A(x)y = A(0)&t3p”+’ + . . . 
and x”B(x) = B(0)t3” + . . -. Hence, v = 1 and 3~ + 1 > 3v. 
Assume p, =0 and &#O. Then we have y’= pit” + ..*, x’“A(x)y = 
A(0)&t3’“+’ + . . . and x”B(x) = B(O)t’” + . . . . Hence, v=2and3p+2>3u. q 
Lemma 3.2. Assume that one of the following holds: 
(i) Case (III), 
(ii) C(0) # 0 in case (IV), 
(iii) C(x) has arz even order zero at x = 0 in case (IV), 
(iv) Case (V). 
Then, each point over x = 0 is not a ramification point. 
Proof. It is known that if C(0) # 0, then the set of the points over x = 0 consists of 
three distinct points, i.e. unramified points. Thus, it is necessary to consider the 
case that C(x) has a zero of even order at x = 0 in case (IV). 
Assume C(x) = x2’C, (x) and C,(O) # 0. Then $?($ = Vmx’ + . . . . Hence, 
both u3 and u3 are holomorphic functions in x at x = 0 and take non-zero values at 
x = 0. Thus, u + u, wu + 02u and w2u + wu are holomorphic functions in x at 
x = 0. Thus we have the desired result. q 
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Lemma 3.3. The necessary and sufficient condition that there is an ordinary 
ramijication point over x = 0 is that one of the following holds: 
(i) In case (IV) the order of the zero of C(x) at x = 0 is odd, 
(ii) Case (VI). 
Proof. By Lemmas 3.1 and 3.2, it is easy to see the necessity. 
We shall prove the sufficiency. First, assume that case (i) occurs. Assume 
C(X) = x25r+1 C,(x) and C,(O)#O. By (2), (3) and (4) we have 
and 
u3 = (-B(x) + s2=+7qq) /2 ) (2’) 
u3 = (-B(x) - s2p+1j/qij) 12 (3’) 
uu = -A(x)/3, (4’) 
where s is a branch of fi. Then there exist functions u(x) and V(x) which are 
holomorphic at x = 0 and satisfy U(0) f 0, V(0) # 0 and 
u = U(x) + s211+1v(x). (10) 
Using (2’), (3’) and (4’) we have 
u = U(x) - s2-+V(x) (11) 
Thus, a branch of y, 
y = wu + 02u = -U(x) + (0 - cd2)s2T+1v(x) ) (12) 
is a holomorphic function in s = ~‘5 at x = 0. Hence, there is an ordinary 
ramification point P which lies over x = 0. 
Next, assume that case (ii) holds. Since 2v > 3~ = 3, we have 
and 
a3 = (1 lfl)A(0)3’2s3 + . . . (2”) 
u3 = -( 1 /fl)A(0)3’2s3 + . . . , (3”) 
where s is a branch of ti. 
Thus, a branch of y, 
y = wu + 02u = ji@(qnj(w - 6J’)s +. . . , (13) 
is a holomorphic function in s = ~6 at x = 0. Hence, there is an ordinary 
ramification point P which lies over x = 0. Cl 
Weierstrass gap sequences 279 
We shall consider again the trigonal Riemann surface defined by the equation 
Because of Lemma 3.1, the total ramification points of the trigonal covering lie 
over the zeros of @i and @*, i.e. x = ai and x = bj. Because of Lemma 3.3, the 
ordinary ramification points of the trigonal covering lie over the odd order zeros 
of C(x), i.e. x = ci and x = di. 
By the Riemann-Hurwitz formula, we have 
2t, + 2t, + t, + t, = 2g + 4. 
Thus, by (9) and (14), we have 
3n-g+l=t,+t,+Il+T. 
(14) 
(15) 
4. Holomorphic differentials 
In this section we shall look into the types of the ramification points studied in 
the preceding section. 
Assume f(x, y) is an irreducible polynomial of degree m. It is known (cf. [l, p. 
2731) that a holomorphic differential on a plane curve f(x, y) = 0 is given by 
d&3(x, Y) dx 
df/dY 
where +m_s is a special adjoint. In our case we have the following: 
Lemma 4.1. Let S be a trigonal Riemann surface dejined by (1). Then a 
holomorphic differential on S is given by 
.n(D, E) = D(x)Y + E(x) dx 
3y2 + x’“A(x) ’ 
where D(x) and E(x) are suitable polynomials in x and deg D 5 n - 1 and 
deg E 5 2n. 
Proof. Assume P(x, y)dx is a holomorphic differential on S. Here, P(x, y) is a 
rational function in x and y. Again, we let y,, y2 and y, be three branches of y. 
Put 
R, = 2 y;P(x, y,), k=O,l>2. 
i=l 
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Then, the R,‘s are rational functions in x. yi (i = 1, 2, 3) has no pole in the finite 
x-plane and the order of zeros of dx is at most fractional powers (less than one) in 
x - a for some complex number a. Hence, the R,‘s become infinite in the finite 
x-plane at most fractional (less than one) powers. Thus, they are polynomials. 
Around x = to, we have 
and 
yi = ui,_(n+*)Xn+’ + . . .
P(x, y,) = bQX-* + . . *, i = 1,2,3 . 
Considering the behavior at x = w, we have deg R, 5 k(n + 1) - 2, in particular 
R, = 0. Solving (16) with respect to P(x, y I), we have 
p(x y > = _ R~(x)O.'~ + ~3) - R,(x) 
) 1 
(Yl - Y2MY1 - Y3) 
= R,(X)Y, + RZ(X) 
3~; + x’A(x) ’ 
Here, we have used the fact that x”‘A(x) = y2y3 - y: and y2 + y3 = -y,. Putting 
D(x) = R,(x) and E(x) = R2(x), we have the desired result. 0 
To determine the types of the ramification points we need the following: 
Lemma 4.2 (Coppens [2,3], Kato [4]). Each ordinary (resp. total) ramification 
point on a trigonul Riemunn surface is of either type I or type II. 0 
We first note that a branch of 3y2 + xILA(x) takes zero if and only if C(x) = 0. 
Since a differential of this type is regular at the points which correspond to x = ot, 
and at the points which correspond to non-zero values of 3y2 + x’A(x), we only 
have to consider the following four cases: 
(a) Case I. Referring to Lemma 3.1, choose a branch of y near P as 
y = &t” + p2tu+l . * . , 
where n = t3. Since x*A(x) = A(O)t”’ + . . . and 3~ > 2v, we have 3y2 + x+A(x) = 
3&t2” + . 1 . . In this case, v = 1, hence, dxl(3y2 + x’“A(x)) is holomorphic and 
takes a non-zero value at P. If fl(D, E) has a zero of order 3k + 1 at P, D must 
have a zero of order k in x at x = 0. Since deg D 5 n - 1, 3n + 2 cannot be a gap 
at P. Hence, P cannot be of type II and by Lemma 4.2, P is a total ramification 
point of type I. 
(b) Case II. Substituting v = 2 in the preceding discussion, we obtain that 
dxl(3y’ + x&A(x)) has a pole of order two at P. If 0(D, E) has a zero of order 3k 
at P, D must have a zero of order k in x at x = 0. Since deg D 5 n - 1, 3n + 1 
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cannot be a gap at P. Hence, P cannot be of type I and by Lemma 4.2, P is a total 
ramification point of type II. 
(c) Case (i) in Lemma 3.3. By (12) we have 
y* = U(x)’ - 3x211+1v(x)2 - 2(w - W2)s2”+1U(x)v(x). (17) 
By (4’), (10) and (11) we have 
A(x) = -310~ = -3U(x)* + ~x*~+‘V(X)* . (18) 
Hence, by (17) and (18) we have 
3y2 + A(x) = -6(w - w*)s*~+‘U(x)V(x) - 6x*“+‘V(x)* . (19) 
Hence, dxl(3y2 + A(x)) has a pole of order 27r at P. Put 
and 
D(x) = 6” + qs* + 6,s4 + . . . ) 
E(x) = E. + E,S2 + e2s4 + . . . 
y = p” + p*s* + . . . + p2iis2w + p2m+lS27i+1 + . . . , 
where p,, # 0 and pzn+, #O. If fl(D, E) has a zero of order 2k + 1 at P, then 
%OP*~+Zk + $P27i+2k&2 + ‘. . + ~~+,Pll+ E,+k = 0 3 
V2n.l = 0 I 
%P2m+3 + %P271+1 = 0 7 
. . . 
and 
%OP2n+2k&l + %P*n+2k&3 + . . . + 4-1P2*+1 = 0 
~oOP*?T+*k+l + 4P271+2k-l + . . . + f3kkp2?r+l f 0 
Since P2T+l ZO, S, = ... = a,_, = 0 and 6, # 0. Hence, D must have a zero of 
order k in x at x = 0. Since deg D 5 II - 1, 2n + 2 cannot be a gap at P. Hence, P 
cannot be of type II and by Lemma 4.2, P is an ordinary ramification point of 
type I. 
(d) Case (VI). By (13) we have 
y* = (A(O)(w - w*)*/~)s* + . . . = -A(O)s* + . . . . 
Hence, 
3y3 + xA(x) = -2A(O)s* + . . . . (20) 
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Therefore, dxl(3y’ + xA(x)) has a simple pole at P. If Q(D, E) has a zero of 
order 2k at P, D must have a zero of order k in x at x = 0. Since deg D 9 y1- 1, 
2n + 1 cannot be a gap at P. Hence, P cannot be of type I and by Lemma 4.2, P is 
an ordinary ramification point of type II. 0 
Summing up, we have: 
Theorem 4.3. Let g and n be positive integers such that g L 5 and (g - 1) I3 5 n 5 
g/2. Assume that S is a trigonal Riemann surface of genus g and of the nth kind 
which is defined by 
y3 + ,CA(x)y + x”B(x) = 0, (1) 
where A(x) and B(x) are poZynomials in x, A(O)B(O) Z 0, p + deg A = 2n + 2 and 
v + deg B = 3n + 3. Then we have: 
(i) There is a total ramification point of type I over x = 0, if t_~ Z- v = 1. 
(ii) There is a total ramification point of type II over x = 0, if u 2 v = 2. 
(iii) There is an ordinary ramification point of type I over x = 0, if Al. = v = 0 
and the order of zero of BAG + 27B(~)~ at x = 0 is odd. 
(iv) There is an ordinary ramification point of type II over x = 0, if v > p = 1. 
(v) There is no ramification point over x = 0, otherwise. 0 
5. Existence theorem 
Let g, n, p, (T and ti (i = 1, . . . ,4) be non-negative integers satisfying g 2 5, 
2n<gs3n+l, 
and 
Then 
t,+2tz+t,+p=2n+2, (7’) 
t, + 2t, + 2t, + o = 3n + 3 , (fo 
2t, + 4t, + t, + 3t, = 6n + 6 (9’) 
2t, + 2t, + t, + t, = 2g + 4. (14) 
3n-g+l=t,+t,. (15’) 
Assume that S is defined by 
where (Y is a non-zero complex number, a3 # -27/4, @i(x) = xf’ + 2, Q2(x) = 
xf2 + 3, Q$(x) = xf” + 5, QZ(x) = (x - 1)” and 06(x) = (x + 1)“. Put 
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F,(x) = ~(Y~@~(x)@~(x)*@~((x)~ + 27@&)@&)2 
= G,(x)a3 + G*(x). 
Then the discriminant Cm(x) of (21) is 
Since G,(x) and G*(X) have no common zero, for a suitable choice of (Y, F,(x) has 
t, distinct simple zeros. To show that there is no ramification point at x = ~0, we 
take the birational transformation (X, Y) = (1 lx, y/x”+‘). By this transforma- 
tion, S is conformally equivalent to the Riemann surface defined by 
Y3 + ~~~(X>~2(X)2~4(X)~~(2 - X)Y + P,(X)~2(X)2P4(X)2@6(X) 
= 0, 
where !P, (X) = 2X” + 1, W,(X) = 3X’* + 1, q4(X) = 5X’” + 1 and x = 00 corres- 
ponds to X= 0. It is easy to show that there is no ramification point at X= 0. 
Hence, there are t, + t, total ramification points and t, + t, ordinary ramification 
points in the x-sphere. Thus, by (14), the genus of S is g. 
As a basis of holomorphic differentials on S we can choose 
and 
xkydx 
3y2+cr@,(x)@2(x)2@4(x)@5(x) ’ k=09...7n-1 
Q*(x) Qd(x)x’ dx 
3y2 + (.y@,(x)@2(x)2@4(x)@5(x) ’ z = O7 . . . ’ g - n - 1 . 
To see that these differentials are holomorphic, we have to check the regularity of 
them at the zeros of the denominator of them. Fortunately, since case (iii) in 
Lemma 3.2 does not occur in these differentials, it is enough to check analogues 
of cases (a)-(d) in Section 4. (In a similar manner as in case (c), we can easily 
derive a relation between D and E in case (iii) in Lemma 3.2.) 
Hence, there is an ordinary ramification point of the nth kind and of type I at 
each simple zero of C,(x) (i.e. each zero of Fm(x)). As is shown later (cf. 
Corollary 6.2) t, is always positive. Since there is a unique linear series of degree 
3 and of dimension 1 on S of genus g 2 5, S is of the nth kind if and only if S has a 
ramification point of the nth kind. Hence, S is of the nth kind. 
Hence, using Theorem 4.3, we have: 
Theorem 5.1. For each sextuple (g, n, t,, t,, t,, t4) satisfyinggr5, (g-1)/35 
n <g/2, t, + 2t, + t, 5 2n + 2, t, + 2t, + 2t, 5 3n + 3, (13’) and (14), there is a 
trigonal Riemann surface of genus g and of the nth kind which has t, total 
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ramification points of type I, t, total ramification points of type II, t, ordinary 
ramification points of type I and t, ordinary ramification points of type II. q 
Remark. (i) The example considered in this section shows that we can always 
obtain an S on which there exists an ordinary ramification point of type II, i.e. 
t, # 0 (cf. Corollary 6.2). For instance, we have an S such that t, = 0, t, = 3n - g, 
t,=4g+3-6n and t,=l. 
(ii) Theorem 5.1 does not give a complete answer to 13, Remark 201. Neither 
does it imply the existence result in [2] (e.g. there exist trigonal surfaces with 
t, + 2t, = 2n + 2 and t, < 2n - g + 1, which cannot satisfy (7’) and (15’)). 
6. Estimates for numbers of ramification points 
Assume that S is non-cyclic trigonal. As in Section 1, let t, (resp. t2) be the 
number of total ramification points of type I (resp. type II) on S and let t, (resp. 
t4) be the number of ordinary ramification points of type I (resp. type II) on S. 
Using Theorem 4.3, (7), (9) and (15), we have 
t, + 2t, + t, 5 2n + 2, (22) 
and 
2t, + 4t, + t, + 3t, 5 6n + 6 (23) 
t,+t,53n-g+l. (24) 
Inequality (24) has been obtained implicitly by Coppens [3]. 
Finally, we shall prove the following: 
Theorem 6.1. If S is non-cyclic trigonal, i.e. t, + t, > 0, then t, + t, L 2g - 2n + 2 
and 2t, + t, % t,. 
Proof. By (7) and (14) we have 
t,+t,r2g-2n+2. 
Using, again, (22) and (25), we have 
(25) 
(2g - 2n + 2 - t3) + 2t, + t, 5 t, + 2t, + t, 5 2n + 2 . 
Hence, 
2t,-t,+t,54n-2g50. 
Therefore, we have 
2t, + t, 5 t, . q 
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Using Theorem 6.1 we have easily 
Corollary 6.2. On a non-cyclic trigonal Riemann surface of genus greater than 
four, there always exists an ordinary ramification point of type I. 0 
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